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Spherical collapse for unified dark matter models
Thiago R. P. Carameˆs,∗ Ju´lio C. Fabris,† and Hermano E. S. Velten‡
Universidade Federal do Esp´ırito Santo (UFES), Vito´ria, ES - Brazil
We study the non-linear spherical “top hat” collapse for Chaplygin and viscous unified cos-
mologies. The term unified refers to models where dark energy and dark matter are replaced by
one single component. For the generalized Chaplygin gas (GCG) we extend previous results of
[R. A. A. Fernandes et al. Physical Review D 85, 083501 (2012)]. We discuss the differences at
non-linear level between the GCG with α = 0 and the ΛCDM model. We show that both are indeed
different. The bulk viscous model which differs from the GCG due to the existence of non-adiabatic
perturbations is also studied. In this case, the clustering process is in general suppressed and the
viable parameter space of the viscous model that accelerates the background expansion does not
lead to collapsed structures. This result challenges the viability of unified viscous models.
Key-words: dark matter, structure formation, bulk viscosity.
PACS numbers: 98.80.-k, 95.35.+d, 95.36.+x
I. INTRODUCTION
Although the ΛCDM remains being the simplest and
the more efficient way to describe most of the astrophys-
ical and cosmological data, many doubts concerning the
nature of dark energy and dark matter still persist. The
cold dark matter paradigm is a robust way to explain
the large scale structure of the universe although its dif-
ficulties in explaining the cored density profile of galaxies
and the small number of satellites around galaxies, the
so called “small scale problems”. However, it is crucial
to emphasize that these inconsistencies come from the
results of numerical simulations which still do not take
into account all the physics envolved in the structure for-
mation process. Moreover, the cosmological constant Λ
suffers from serious theoretical problems since its inferred
value from the observations is around 120 orders of mag-
nitude smaller than the typical value of the vacuum en-
ergy density predicted by particle physics.
Alternative cosmologies incorporate new physics to the
standard context either by replacing pieces of the ΛCDM
model or by adding new ingredients to it. The unified
scenario adopts the former suggestion. Its main idea is
to replace the two unknown dark components, namely,
dark matter and dark energy by one single fluid. As
candidates for this scenario one can cite the GCG and
the bulk viscous fluid which have both exotic equations of
state. In some sense, the unification scenario can be seen
as a modified dark matter dominated model, i.e., dark
matter has some unusual equation of state that drives
the universe to a late accelerated phase.
The formation of structures like galaxies and cluster
depends on the dynamics of the baryonic matter which
consists of no more than 5% of the energy budget of the
universe. At the same time, baryons follow the dark mat-
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ter potential wells. The main challenge for unified cos-
mologies relies on the fact that the fluid that clusters to
form “dark matter halos” also has to accelerate the ex-
pansion. Therefore, the clustering process of such models
is a very sensitive probe for constructing viable cosmo-
logical scenarios. The models studied here will include
baryons in the dynamics both at background and per-
turbative level.
A famous candidate for the unified scenario is the
Chaplygin gas [1], but its generalized form (the GCG)
is widely used. The pressure pgc of the GCG is given by
[2–5]
pgc = −
A
ραgc
(1)
where ρ is the energy density and A and α are constants.
Fixing α = 1 one has the original Chaplygin gas [6].
In the limit α = 0 it reduces to a scenario where dark
matter has a negative constant pressure and the resulting
dynamics is exactly the same as the ΛCDM model at
background level as we will show below. However, it
still not clear whether both models also display the same
dynamics at perturbative level.
Some works in the literature claim that the GCG gas
with α = 0 and the ΛCDM model are also indistin-
guishable at first and non-linear order [7–10]. Indeed,
by choosing suitable first order variables there is a math-
ematical mapping between both models. However, a con-
trary opinion can be found in Refs. [11, 12] where it is
argued that the same definition for the matter density
contrast used in the standard cosmology, which is also
adopted by the galaxy surveys when obtaining the data,
has to be adopted for alternative models like the GCG
model. Therefore, in this case the mathematical mapping
no longer exist.
References [13, 14] first investigated the non-linear
clustering of the original α = 1 Chaplygin gas. The
extension to the generalized case was performed in [15].
The recent work by Fernandes et al [16] extended in more
detail the analysis for the GCG model with different val-
2ues of α (see also [17]). In this contribution we will re-
visit the equivalence between ΛCDM and the GCGmodel
with α = 0. We calibrate our numerical code in order to
match the results of Ref. [16] but we also include in our
analysis the ΛCDM case.
Such essence of unifing dark energy and dark matter
effects into a single fluid is also captured by other models.
The possibility of a late time expansion driven by the vis-
cous mechanism has been first adopted in [18]. We also
discuss the spherical collapse for this model. Assuming
the Eckart approach for dissipative fluids [19], its equa-
tion of state is given by
Π = −ξuγ;γ (2)
where uγ is the 4−velocity of the fluid and ξ is the coef-
ficient of bulk viscosity. Usually one adopts the form
ξ = ξ0
(
ρv
ρv0
)ν
, (3)
where ξ0 is a constant and ρv is the density of the bulk
viscous fluid. The subscript 0 denotes today’s values.
The constant parameter ν assumes in principle any real
value. However, one has to keep in mind that transport
coefficients deduced in kinetic theory depend on positive
powers of the temperature of the fluid [20]. Therefore,
negative values for ν sounds unphysically from the ther-
modynamical point of view.
In the FRW metric the bulk viscous pressure reduces
to Π = −3Hξ. Due to the dependence of the pressure
Π with the expansion H , it is usually difficult to solve
analitically for the density ρv when fluids other than the
viscous one, e.g. baryons, are present into the dynamics.
Therefore we will obtain in this work only numerical re-
sults for the viscous model even at the background level.
II. THE BACKGROUND DYNAMICS
We are interested in expansions of the type
H2(z) = H20
[
Ωb0(1 + z)
3 +Ωunif (z)
]
, (4)
where H0 is the Hubble constant today, Ωb0 is the to-
day’s density parameter for the baryonic matter and
Ωunif = ρunif/ρcrt is the fractionary density parameter
for the fluid that unifies the dark sector with ρcrt being
the critical density.
For the GCG we have
Ωgc(z) = Ωgc0
{
A¯+ (1− A¯)(1 + z)3(1+α)
} 1
1+α
, (5)
where A¯ = A/ρ1+αgc0 is a dimensionless parameter. Note
that for α = 0 the expansion reduces to
H2gc(z) = H
2
0
[
Ωb0(1 + z)
3 +Ωgc0
{
A¯+ (1− A¯)(1 + z)3
}]
(6)
and the ΛCDM model is recovered with the identifica-
tions Ωgc0A¯ = ΩΛ and Ωgc0(1 − A¯) = Ωdm0.
For an one-fluid approximation, i.e., when one does not
take into account other components into the dynamics,
the evolution of the bulk viscous model and the GCG
are exactly the same. The equivalence Ωv(z) ≡ Ωgc(z)
implies in the correspondence α = −(ν + 1/2) and
A¯ = 3ξ0H0/ρv0. Of course, this is an unrealistic case. If,
at least, the baryons are included, the viscous pressure
will indirectly depend on Ωb since Π ≡ Π(ξ,Ωv,Ωb) =
−3ξ(Ωv)H(Ωv,Ωb). The evolution of Ωv is therefore ob-
tained from the numerical solution of
(1+ z)
dΩv
dz
− 3Ωv+ ξ˜
(
Ωv
Ωv0
)ν [
Ωv + Ωb0(1 + z)
3
]1/2
= 0
(7)
where we have defined the dimensionless parameter ξ˜ =
24πGξ0
H0
(
3H20
8πG
)ν
. The initial condition Ωv(z = 0) = Ωv0
will be fixed to the same value as Ωgc0 = 0.95.
III. EQUATIONS
Our goal here is to obtain the perturbed equations for
the evolution of an overdense spherical region collapsing
in an expanding universe.
We follow Refs. [16, 21, 22] and references therein. Let
us first define basic quantities. For the collapsed region
one can write
~vc = ~u0 + ~vp, (8)
ρc = ρ (1 + δ) , (9)
pc = p+ δp. (10)
The velocity of the collapsed region ~vc can be seen as
the balance between the background expansion and the
peculiar motion.
The effective expansion rate of the collapsed region is
written as
h = H +
θ
3a
, (11)
where θ = ∇ · vp and vp the peculiar velocity field.
For the collapssing region one has to assure energy con-
servation. Therefore, each component i obeys a separate
equation of the type
δ˙i = −3H(c
2
effi−wi)δi−
[
1 + wi + (1 + c
2
effi)δi
] θ
a
(12)
where the energy density contrast is defined as
δi =
(
δρ
ρ
)
i
, (13)
and the effective speed of sound is computed following
c2effi = (δp/δρ)i.
3The dynamics of the perturbed region will be governed
by the Raychaudhuri equation
θ˙ +Hθ +
θ2
3a
= −4πGa
∑
i
(δρi + 3δpi) . (14)
For the sake of comparison we write down below sepa-
rately the system of equations for the GCG, the ΛCDM
and the bulk viscous model.
A. The GCG model
The equations for the spherical collapse of the GCG
have been deduced in details in [16]. For the system
baryons plus GCG they read
δ˙b = − (1 + δb)
θ
a
, (15)
δ˙gc = −3H(c
2
effgc − wgc)δgc
−
[
1 + wgc + (1 + c
2
effgc)δgc
] θ
a
, (16)
θ˙ +Hθ +
θ2
3a
= −4πGa
[
ρbδb + ρgcδgc
(
1 + 3c2effgc
)]
.
(17)
These equations use the definitions
wgc = −
A¯
A¯+
(
1− A¯a−3(1+α)
) , (18)
c2effgc = wgc
(1 + δgc)
−α − 1
δgc
, (19)
which have been defined in [16].
B. The ΛCDM model
For the ΛCDM model both the baryonic and the dark
matter component are pressureless fluids.
δ˙b = − (1 + δb)
θ
a
, (20)
δ˙dm = − (1 + δdm)
θ
a
, (21)
θ˙ +Hθ +
θ2
3a
= −4πGa(ρbδb + ρdmδdm) . (22)
Note that baryons and dark matter obey to similar
equations. This exemplifies the known fact that baryonic
matter tracks the dark matter potential wells after the
decoupling.
A crucial aspect for the develoment of this work is
that the system (20)-(22) can not be recovered by setting
α = 0 into the GCG system (15)-(19).
C. The Bulk viscous model
Let us now consider the bulk viscosity into the uni-
fied models described by the above set of equations. In
general this is done by adding the bulk viscous pressure
term Π to the standard kinetic pressure pk. However, for
our viscous fluid we will use the approximation pk = 0 so
that the pressure of the unified viscous fluid is dominated
by the nonadiabatic contribution Π. This is equivalent
to
p = pk +Π→ Π . (23)
Therefore, the speed of sound is properly modified fol-
lowing
c2effv =
δΠ
δρv
=
ξθ
a − 3Hδξ
δρv
=
wv
δv
[
θ
3Ha
+ (1 + δv)
ν
− 1
]
,
(24)
where ωv ≡ Π/ρv is viscous equation of state parameter.
Note that c2effv depends on the potential of the perturbed
velocity field which is a very particular feature of the bulk
viscous model.
Therefore taking into account the introduction of the
viscous pressure the dynamical equations for δi and θ are
properly modified
δ˙b = − (1 + δb)
θ
a
, (25)
δ˙v = −3H
(
c2effv − wv
)
δv
−
[
1 + wv + (1 + c
2
effv )δv
] θ
a
, (26)
θ˙+Hθ+
θ2
3a
= −4πGa
[
ρbδb + ρvδv
(
1 + 3c2effv
)]
. (27)
IV. RESULTS
A. Generalized Chaplygin gas versus ΛCDM
We extend now the results of Ref. [16] which did not
compare the spherical collapse for the GCG with α = 0
with the dark matter component of the ΛCDM model.
This analysis is very important because many studies in
the literature argue that both models are identical also
at perturbative level. Indeed, as discussed in [7–10] the
supposed equivalence between these models, known as
“dark degeneracy”, should also be observed at first order
perturbative stage. They have shown however that this
degeneracy survives at linear regime if the same initial
conditions for δ and θ are assumed.
We wonder if a dark matter dominated model in which
its equation of state is a negative and constant pressure
4is exactly the same as the ΛCDM, then why it does not
become the standard cosmological model?
In fact, if dark matter only leads to the same universe
as the ΛCDM model, this would represent the final solu-
tion of the dark energy paradigm. Of course, the answer
is not so simple and indeed there exist a difference be-
tween the models as we will show below.
The study of the non-linear clustering can break the
degeneracy. If we trace the behavior of the dark matter
perturbations it is possible to show that this component
behaves differently in both models.
Following [16] we solve numerically the system of equa-
tions (15) - (17) with initial conditions δgc(z = 1000) =
3.5 × 10−3, δb(z = 1000) = 10
−5 and θ(z = 1000) = 0.
For the background we fix H0 = 72Km/s/Mpc, Ωgc0 =
0.95 and Ωb0 = 0.05. Besides, our analysis for the GCG
always uses A¯ = 0.75.
A proper comparison of the GCG’s results with the
ΛCDM model occurs if we set ΩΛ = Ωgc0A¯ = 0.95 ×
0.75=0.7125 and Ωdm0 = 0.2375 with the same values
for Ωb0 and H0. Then, this assures that the background
evolution for the case α = 0 and the ΛCDM is exactly
the same.
Fig. 1 shows the density perturbation growth of the
dark component for both models. We plot the results
for the GCG gas (δgc) with values α = 0 (dashed black)
and α = 0.1 (solid black). Our results match the results
of [16] and we have confirmed the consistence of our nu-
merical code for all other values of α. The dark mat-
ter density contrast δdm of a flat ΛCDM cosmology with
ΩΛ = 0.7125 is plotted in the solid red line of this same
figure. As one can see, the behavior of the “dark” compo-
nent in each model is indeed different and consequently,
although very similar, the models are not the same. This
conclusion is supported by a full analysis of the CMB
power spectrum. To quote Amendola et al, “We note
how the ΛCDM curve and α = 0 are very close, but not
identical because of the different perturbation sectors.”
[5].
The agreement would exist if we had adopted for the
GCG a different definition of the density contrast
δ⋆gc =
δρch
ρgc
(1 + wgc) (28)
rather than the one defined in (13). However, the prod-
ucts of galaxy surveys are observables like the growth
index, σ8 and the matter power spectrum which adopt
the definition (13). Therefore, this is the variable (13)
that one has to assume when comparing the perturba-
tive behavior of distinct cosmological models.
For the same cases studied in Fig. 1 we can plot the
evolution of the baryonic component δb, see Fig. 2, and
the expansion rate h of the collapsed region in Fig. 3. For
both quantities there exist a perfect agreement between
the GCG with α = 0 and the ΛCDM model.
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FIG. 1: Dark matter perturbation growth as function of the
redshift. The black lines show δgc for α = 0 (dashed) and
α = 0.1 (solid) fixing A¯ = 0.75. Both agree with Ref. [16].
Red line (upper one) shows δdm for the ΛCDM model.
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FIG. 2: Perturbation growth of baryons as a function of the
redshift. The black lines show δb for GCG cosmologies with
α = 0 (dashed) and α = 0.1 fixing A¯ = 0.75. Both agree with
Ref. [16]. Red line shows δb for the ΛCDM model and agrees
exactly with the case α = 0.
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FIG. 3: Evolution of the expansion rate of the collapsed re-
gion. The black lines show h for GCG cosmologies with α = 0
(dashed) and α = 0.1 fixing A¯ = 0.75. Both agree with Ref.
[16]. Red line shows h for the ΛCDM model and agrees ex-
actly with the case α = 0.
5B. Bulk viscous fluid
For viscosities in the range 2 < ξ˜ < 2.5 the unified
bulk viscous model explains the late phase of accelerated
expansion and therefore it produces a viable background
cosmology [23–26]
We solve numerically the system of equations (25)-
(27), with initial conditions δv(z = 1000) = 3.5 × 10
−3,
δb(z = 1000) = 10
−5 and θ(z = 1000) = 0. For the
background we fix H0 = 72Km/s/Mpc, Ωv0 = 0.95 and
Ωb0 = 0.05.
Let us start fixing ν = 0, i.e., the coefficient of bulk
viscosity is a constant and its magnitude is given by ξ˜.
We see in Figs. 4, 5 and 6 the evolution of the density
contrast for the dark matter, baryons and the expansion
of the collapsed, respectively. The results of Figs. 1, 2
and 3 are shown together in order to allow an appropriate
comparison with the results of the GCG and the ΛCDM
model. The bulk viscous fluid is displayed in dashed blue
lines for values ξ˜ = 1 (top line), ξ˜ = 1.25 (middle) and
ξ˜ = 1.5 (bottom line).
In Fig. 4 we see that dark structures are severely sup-
pressed for the value ξ˜ = 1.5. Note that in this case the
background expansion is not accelerated [23–26]. The
dissipative mechanism present in the bulk viscous fluid
avoids the formation of viscous dark matter halos in the
unified scenario. A similar problem occurs with the CMB
data [27].
In order to verify the consistence of this result we also
plot the same as Figs. 4, 5 and 6 but for a coefficient
ν = 1/4 in Figs. 7, 8 and 9. The dashed blue lines
now correspond to the values ξ˜ = 0.3 (top line), ξ˜ = 0.5
(middle) and ξ˜ = 0.7 (bottom line).
For the case ν = 1/2 we produce similar plots in Figs.
10, 11 and 12. The dashed blue lines now correspond
to the values ξ˜ = 0.3 (top line), ξ˜ = 0.5 (middle) and
ξ˜ = 0.7 (bottom line). The larger the coefficient ν the
smaller the viscosity value ξ˜.
Remember that in kinetic theory the transport coef-
ficients are calculated as a function of positive powers
of the temperature of the fluid ξ ≡ ξ(T ) [20]. Conse-
quently negative values for ν have to be avoided. The
range 0 ≤ ν ≤ 0.5 covers the effective region of the bulk
viscous parameter space.
V. CONCLUSIONS
We have studied the spherical collapse for the class
of unified cosmologies. We worked with two candidates
namely, i) the generalized Chaplygin gas and ii) the bulk
viscous model. For each model we had distinct aims.
• For the GCG our goal was to understand its ΛCDM
limit (α = 0) and then promove a suitable compar-
ison with the standard cosmology in order to test
the so-called “dark degeneracy”.
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FIG. 4: Dark matter perturbation growth as function of the
redshift. The same as Fig.1 but now we add the perturbation
in the bulk viscous fluid δv (dashed blue lines) with, from top
to bottom, ξ˜ = 1, 1.25 and 1.5 fixing ν = 0.
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FIG. 5: Perturbation growth of baryons as a function of the
redshift. The same as Fig.2 but now we add the baryonic per-
turbation in the bulk viscous fluid model (dashed blue lines)
with, from top to bottom, ξ˜ = 1, 1.25 and 1.5, fixing ν = 0.
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FIG. 6: Evolution of the expansion rate of the collapsed re-
gion. The same as Fig.3 but now we add the result for the
bulk viscous fluid (dashed blue lines) with, from top to bot-
tom, ξ˜ = 1, 1.25 and 1.5 fixing ν = 0.
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FIG. 7: Dark matter perturbation growth as function of the
redshift. The same as Fig.1 but now we add the perturbation
in the bulk viscous fluid δv (dashed blue lines) with, from top
to bottom, ξ˜ = 0.3, 0.5 and 0.7 fixing ν = 1/4.
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FIG. 8: Perturbation growth of baryons as a function of the
redshift. The same as Fig.2 but now we add the baryonic per-
turbation in the bulk viscous fluid model (dashed blue lines)
with, from top to bottom, ξ˜ = 0.3, 0.5 and 0.7 fixing ν = 1/4.
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FIG. 9: Evolution of the expansion rate of the collapsed re-
gion. The same as Fig.3 but now we add the result for the
bulk viscous fluid (dashed blue lines) with, from top to bot-
tom, ξ˜ = 0.3, 0.5 and 0.7 fixing ν = 1/4.
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FIG. 10: Dark matter perturbation growth as function of the
redshift. The same as Fig.1 but now we add the perturbation
in the bulk viscous fluid δv (dashed blue lines) with, from top
to bottom, ξ˜ = 0.05, 0.075 and 0.1 fixing ν = 1/2.
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FIG. 11: Perturbation growth of baryons as a function of
the redshift. The same as Fig.2 but now we add the bary-
onic perturbation in the bulk viscous fluid model (dashed blue
lines) with, from top to bottom, ξ˜ = 0.05, 0.075 and 0.1 fixing
ν = 1/2.
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FIG. 12: Evolution of the expansion rate of the collapsed
region. The same as Fig.3 but now we add the result for
the bulk viscous fluid (dashed blue lines) with, from top to
bottom, ξ˜ = 0.05, 0.075 and 0.1 fixing ν = 1/2.
7The comparison between the GCG with α = 0 and
the ΛCDM shows that although the visible dynam-
ics, i.e. the baryonic part and the expansion of
the collapsed region, is indeed the same, the dy-
namics of the dark part of such models is different.
This result supports the conclusion that the models
are not exactly the same because they would dis-
play different bias factors. The relation between the
baryonic and the dark matter overdensities is dif-
ferent. This issue is the key point for understand-
ing the so-called “dark degeneracy” [9]. Therefore,
lensing observations could be able to differentiate
such cosmologies.
• For the bulk viscous model we employed for the first
time a non-linear study and our main goal was to
understand the magnitude of the viscous parameter
that allows structure formation at non-linear level.
The bulk viscous model does lead to virialized
structures, but only for ξ˜ values that do not pro-
vide the large scale background expansion of the
universe. Therefore, this result challenges unified
viscous models since collapsed dark viscous struc-
tures would never exist in the unified scenario. We
have checked the consistence of this result for dif-
ferent values of the parameter ν which shapes the
form of the bulk viscous coefficient ξ. In some sense
the viscous effects prevents structure formation at
non-linear order because the coefficient ξ˜ assumes
high values. In the unified picture this is a nec-
essary condition because of the need to accelerate
the background expansion. An interesting scenario
for the bulk viscous dark matter occurs in the con-
text of the standard cosmology when only the cold
dark matter presents dissipation while the cosmo-
logical constant accelerates the universe. This is
the essence of the ΛvCDM model [28–30]. The
suppression mechanism present in the bulk viscous
dark matter seems to be an indication for solv-
ing the small scale problems of the standard model
which are related to the excess of satelites and the
cusp profile of galaxies [30]. In a future communi-
cation we will study the non-linear aspects of the
ΛCDM model.
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